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Stability conditions for tensegrity structures are derived based on positive deﬁniteness of the tangent stiﬀness matrix,
which is the sum of the linear and geometrical stiﬀness matrices. A necessary stability condition is presented by considering
the aﬃne motions that lie in the null-space of the geometrical stiﬀness matrix. The condition is demonstrated to be equiv-
alent to that derived from the mathematical rigidity theory so as to resolve the discrepancy between the stability theories in
the ﬁelds of engineering and mathematics. Furthermore, it is shown that the structure is guaranteed to be stable, if the
structure satisﬁes the necessary stability condition and the geometrical stiﬀness matrix is positive semideﬁnite with the min-
imum rank deﬁciency for non-degeneracy.
 2006 Elsevier Ltd. All rights reserved.
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Stability of tensegrity structures is not easy to be validated compared to other pin-jointed structures, such
as trusses and cable nets. Nevertheless, a necessary condition and some suﬃcient conditions for their stability
can be derived from the positive deﬁniteness of the tangent stiﬀness matrix. These conditions are to be dis-
cussed in this paper.
Tensegrity structure considered in the study is free-standing, and therefore, has non-trivial aﬃne motions as
will be discussed in Section 3. A tensegrity structure has two diﬀerent types of members—struts and cables,
which transmit only compressive and tensile forces, respectively.
A structure is said to be stable, if the quadratic form Q of its tangent stiﬀness matrix K with respect to any
non-trivial motion d, excluding the rigid-body motions, is positive (Thompson and Hunt, 1984):0020-7
doi:10.
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E-mQ ¼ dTKd > 0: ð1ÞNote that Q is the second-order term of the increment of total potential energy of the structure due to the
deformation d. The structure with Q = 0 might still be stable but needs further investigation in higher-order683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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ﬁcient conditions for stable tensegrity structures, where the higher than second-order terms of energy are not
considered.
The tangent stiﬀness matrix K of a tensegrity structure can be written as the sum of the linear stiﬀness
matrix KE and the geometrical stiﬀness matrix KG:Fig. 1
respecK ¼ KE þ KG: ð2Þ
Since tensegrity structures are free-standing, KE and KG cannot be full-rank, and the null-spaces of them con-
tain the rigid-body motions. For a structure made of conventional materials that have positive axial stiﬀness,
KE is always positive semideﬁnite; and positive deﬁniteness of KG is dependent upon the self-stresses. Because
KE is positive semideﬁnite, Q > 0 holds only if KG is also positive semideﬁnite for any level of prestress. How-
ever, this is only the necessary condition: there might be some non-trivial motions d that satisfydTKEd ¼ dTKGd ¼ 0; ð3Þ
and therefore, lead to Q = 0. For example, the three-dimensional tensegrity structure as shown in Fig. 1 has
positive semideﬁnite KG, if tensile and compressive forces are assigned to cables and struts as indicated in the
ﬁgures. The members lie on two intersecting panels I and II; and the struts in each panel are assumed to make
no contact with each other, although this cannot be exactly realized in practice. The structure is unstable, be-
cause the two panels can relatively rotate about the intersecting member 6 without any external loads; i.e.,
Q = 0 holds for this motion.
Connelly (1982) presented stability conditions for tensegrity structures in the terminologies of mathematics
based on structural rigidity. However, it is considered that description of the problems by stiﬀness matrices
might be more comprehensible to engineering researchers. The purpose of this study is to present a necessary
condition for the stability of tensegrity structures based on positive deﬁniteness of the tangent stiﬀness matrix,
which is a standard approach in the ﬁeld of structural stability analysis. The structures are guaranteed to be
stable irrespective of selection of materials and level of self-stresses, if two additional conditions are satisﬁed
by KG. It is proved that the necessary conditions derived from diﬀerent criteria are equivalent. Hence, the dis-
crepancy in the stability conditions between the ﬁelds of engineering and mathematics is resolved.
Following this introduction, the paper is organized as follows. The self-equilibrium equations and formu-
lations of the stiﬀness matrices are introduced in Section 2. The aﬃne motions, which lie in the null-space of
the geometrical stiﬀness matrix, are classiﬁed into rigid-body motions and non-trivial aﬃne motions in Section
3. In Section 4, the non-trivial aﬃne motions are utilized to obtain a necessary condition and suﬃcient con-
ditions for the stability of tensegrity structures, and furthermore, the necessary condition is proved to be
equivalent to the condition by Connelly (1982). The unstable structure shown in Fig. 1 is investigated in detail
in Section 5 by the presented stability conditions. Section 6 brieﬂy concludes the study.5
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. An example of unstable tensegrity structure with positive semideﬁnite geometrical stiﬀness matrix. Thick and thin lines,
tively, denote struts and cables. There exists a ﬁnite mechanism where panels I and II can be rotated about their common member 6.
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Consider a d-dimensional tensegrity structure, which consists of n nodes and m members. We will
consider only three-dimensional cases (d = 3) if not explicitly mentioned. The coordinate vectors in
x-, y- and z-directions in Cartesian coordinate system are denoted by x, y and z ð2 RnÞ,
respectively.
A d-dimensional structure is said to be degenerate if it can lie in a space with lower dimensions than d. For
example, the structure as shown in Fig. 2, which is one of the panels of the structure in Fig. 1, is non-degen-
erate in two-dimensional space, but it is degenerate in three-dimensional space.
The following lemma plays an important role in showing that the non-trivial aﬃne motions, which will be
presented in the next section, are linearly independent:
Lemma 1. If a structure is non-degenerate, then its nodal coordinates in different directions are linearly
independent.Proof. If the coordinate vectors x, y and z of a three-dimensional structure are linearly dependent, thenb1xþ b2yþ b3z ¼ 0; ð4Þis satisﬁed by the coeﬃcients b1, b2 and b3, which are not simultaneously equal to zero. Since Eq. (4) is an
equation of a plane, the three-dimensional structure will degenerate into a plane, if (4) is satisﬁed. This con-
ﬂicts with the assumption of non-degeneracy of the structure. Therefore, the coordinate vectors are linearly
independent, if the structure is non-degenerate. Two-dimensional case can also be proved in a similar way,
which completes the proof. h
The topology of a tensegrity structure can be modeled as a directed graph and described by the connectivity
(incidence) matrix C 2 Rmn (Kaveh, 2004). If nodes i and j (i < j) are connected by member k, then the ith and
jth elements in the kth row of C are equal to 1 and 1, respectively, while all the other elements in the row are
zero. Hence, sum of the elements in each row of C vanishes asCi ¼ 0; ð5Þ
where i 2 Rn is a vector of which all the elements are equal to 1.
Let the kth element sk of the axial force vector s 2 Rm and the (k,k)-element lk of the diagonal length matrix
L 2 Rmm denote the axial force and the length of member k, respectively. The force density qk of member k is
deﬁned by qk = sk/lk. Using the force density vector q ð¼ L1s 2 RmÞ, the force density matrix E 2 Rnn is
deﬁned asE ¼ CT diagðqÞC: ð6Þ
The self-equilibrium equations of the structure with respect to the nodal coordinate vectors are written as
(Zhang and Ohsaki, 2006)Fig. 2. A non-degenerate two-dimensional tensegrity structure. It is degenerate in three-dimensional space.
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Ey ¼ 0;
Ez ¼ 0;
ð7ÞE should have rank deﬁciency d* of at least d + 1 so that the tensegrity structure is non-degenerate (Connelly,
1982, 2006). Note that the condition d*P d + 1 is only the necessary condition. Linear independence of the
coordinate vectors as discussed in Lemma 1 should also be satisﬁed to ensure a non-degenerate structure, in
addition to the non-degeneracy condition d*P d + 1.
Let u, v and wð2 Rm) denote the vectors consisting of the coordinate diﬀerences of members in x-, y- and z-
directions, respectively, which are written in terms of the connectivity matrix and the nodal coordinate vectors
asu ¼ Cx;
v ¼ Cy;
w ¼ Cz:
ð8ÞDenote the diagonal form of u by U ¼ diagðuÞ 2 Rmm. Because diag(a)b = diag(b)a always holds for the prod-
uct of the diagonal forms of the vectors a and b, the self-equilibrium equation in x-direction can be written
with respect to the axial force vector s asEx ¼ CTdiag ðqÞCx ¼ CT diagðCxÞq ¼ CTUL1s; ð9Þ
where U = diag(u) = diag(Cx) and q = L1s have been used. The following relations are derived in the similar
manner as (9) using V ¼ diagðvÞ 2 Rmm and W ¼ diagðwÞ 2 Rmm:Ey ¼ CTVL1s; Ez ¼ CTWL1s; ð10Þ
Deﬁne Dx, Dy and Dz ð2 Rnm) asDx ¼ CTUL1;
Dy ¼ CTVL1;
Dz ¼ CTWL1:
ð11ÞFrom Eqs. (9)–(11), the self-equilibrium equations in Eq. (7) can be rewritten asDxs ¼ Ex ¼ 0;
Dys ¼ Ey ¼ 0;
Dzs ¼ Ez ¼ 0:
ð12ÞDeﬁne D 2 Rdnm asD ¼
Dx
Dy
Dz
0
B@
1
CA ð13ÞEq. (12) can be combined toDs ¼ 0: ð14Þ
By application of the principle of virtual work, the relationship between the nodal displacement vector
d 2 Rdn and the member extension vector e 2 Rm can be written as (Livesley, 1975)
DTd ¼ e: ð15ÞIf there exists any non-trivial displacement vector d5 0 that does not change the member lengths asDTd ¼ 0; ð16Þ
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1986). Tensegrity structures are usually kinematically indeterminate.
The linear stiﬀness matrix KE 2 Rdndn and the geometrical stiﬀness matrix KG 2 Rdndn are formulated as
follows using D and E (Guest, 2006; Zhang and Ohsaki, 2006)KE ¼ DKDT;
KG ¼ Id  E; ð17Þwhere K is a diagonal matrix consisting of modiﬁed axial stiﬀness of the members, Id 2 Rdd is an identity ma-
trix, and  denotes tensor product. In this paper, we do not consider the unconventional materials with zero
or negative axial stiﬀness; hence, K is positive deﬁnite, and therefore, KE is positive semideﬁnite from its
deﬁnition.
When KG is also positive semideﬁnite, Q > 0 will not be satisﬁed if and only if there exist at least one mech-
anism that lies in the null-space of KG. By considering the displacement vector in the null-space of KG, called
motion for brevity, we derive the necessary condition in Section 4 for Q > 0.
3. Aﬃne motions
There are d(d + 1) independent aﬃne motions in d-dimensional space. It is demonstrated in this section that
these motions lie in the null-space of KG, if the structure is non-degenerate in d-dimensional space. Aﬃne
motions are classiﬁed into rigid-body motions and non-trivial aﬃne motions.
3.1. Classiﬁcation
An aﬃne motion is a motion that preserves colinearity and ratios of distances; i.e., all points lying on a line
are transformed to points on a line, and ratios of the distances between any pairs of the points on the line are
preserved (Weisstein, 1999). However, an aﬃne motion does not necessarily preserve angles or lengths.
In general, an aﬃne motion is a linear combination of rotation, translation, dilation, and shear. For exam-
ple, Figs. 3 and 4 show the six aﬃne motions of a two-dimensional tensegrity structure, which consists of ﬁve
nodes and eight members. The solid and dashed lines in the ﬁgures denote the members before and after trans-
formation, respectively.
Appendix A shows that rotation and translation are rigid-body motions of a structure, because they always
preserve the member lengths (distances between the nodes). Thus, only dilation and shear, which are called
non-trivial aﬃne motions in the study, are considered in the stability investigation.a b c
Fig. 3. Rigid-body motions of a two-dimensional tensegrity structure.
a b c
Fig. 4. Non-trivial aﬃne motions of a two-dimensional tensegrity structure.
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By applying dilation, the structure expands or contracts in one direction and remains unchanged in the per-
pendicular directions. Directions of these motions dx, dy and dz (R
dn) of a structure in three-dimensional space
can be written as follows using the nodal coordinate vectorsdx ¼
x
0
0
0
B@
1
CA; dy ¼
0
y
0
0
B@
1
CA; dz ¼
0
0
z
0
B@
1
CA: ð18ÞFigs. 4(a) and (b) show the two dilations dx and dy in x- and y-directions of a two-dimensional tensegrity struc-
ture, respectively.
The shears dxy, dxz and dyz ð2 Rdn) in xy-, xz- and yz-planes are deﬁned asdxy ¼
y
x
0
0
B@
1
CA; dxz ¼
z
0
x
0
B@
1
CA; dyz ¼
0
z
y
0
B@
1
CA: ð19ÞIn the shears dij (i,j 2 {x,y,z}), the motion in i-direction is proportional to the nodal coordinates in j-direction,
and vice versa. We have only one shear dxy for the two-dimensional case as shown in Fig. 4(c).
It is apparent from the self-equilibrium equations in (7) and deﬁnition of the geometrical stiﬀness matrix KG
in (17) that the non-trivial aﬃne motions di(j) presented above lie in the null-space of K
G asKGdiðjÞ ¼ 0: ð20Þ
From the deﬁnitions of the non-trivial aﬃne motions deﬁned in Eqs. (18) and (19), and those of the rigid-
body motions in Eqs. (A1) and (A6), the non-trivial aﬃne motions and the rigid-body motions are linearly
independent. Hence, the following lemma, which shows that the non-trivial motions are linearly indepen-
dent, ensures that the dilations and shears together with the rigid-body motions span the whole space of
the aﬃne motions:
Lemma 2. The non-trivial affine motions defined in Eqs. (18) and (19) of a non-degenerate d-dimensional
tensegrity structure are linearly independent.Proof. Consider the three-dimensional case. Let d 2 Rdn be deﬁned with the coeﬃcients bk (k = 1, . . ., 6) asd ¼ b1dx þ b2dy þ b3dz þ b4dxy þ b5dxz þ b6dyz: ð21Þ
By denoting d ¼ ðdT1 ; dT2 ; dT3 ÞT and incorporating Eqs. (18) and (19), Eq. (21) can be divided to the following
equations:
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d2 ¼ b4xþ b2yþ b6z;
d3 ¼ b5xþ b6yþ b3z:
ð22ÞFrom Lemma 1, the coordinate vectors x, y and z are linearly independent for a non-degenerate structure in
three-dimensional space. Thus, d1 = d2 = d3 = 0 is satisﬁed if and only ifb1 ¼ b4 ¼ b5 ¼ 0;
b4 ¼ b2 ¼ b6 ¼ 0;
b5 ¼ b6 ¼ b3 ¼ 0:
ð23ÞHence, d = 0 is satisﬁed if and only ifbk ¼ 0 for k ¼ 1; . . . ; 6: ð24Þ
Therefore, the non-trivial aﬃne motions are linearly independent. Linear independence can also be shown for
the two-dimensional case, which concludes the proof. h
When E has the minimum rank deﬁciency d + 1, the rank deﬁciency of KG is d(d + 1) from the deﬁnition
Eq. (17). Therefore, the aﬃne motions span the whole null-space of KG in this case, which will be used to pres-
ent the suﬃcient conditions for stability of tensegrity structures in Lemma 4.4. Stability
A necessary stability condition for non-degenerate tensegrity structures is ﬁrst presented in this section
based on positive deﬁniteness of the tangent stiﬀness matrix. It is demonstrated that this necessary stability
condition is equivalent to the condition by Connelly (1982) derived from the mathematical rigidity theory.
Two additional conditions together with this necessary stability condition are further proved to guarantee
a stable structure.4.1. Stability conditions
Any non-trivial aﬃne motion d in three-dimensional space can be written as a linear combination of the six
non-trivial aﬃne motions presented in the previous section as follows, because they are linearly independent
from Lemma 2d ¼ axdx þ aydy þ azdz þ axydxy þ axzdxz þ ayzdyz: ð25Þ
Since the following equation is always satisﬁed for the geometrical stiﬀness matrix KG and the non-trivial af-
ﬁne motion d from Eq. (20)KGd ¼ 0; ð26Þ
the quadratic form Q of the tangent stiﬀness matrix K deﬁned in Eq. (1) with respect to a non-trivial aﬃne
motion d is reduced to the following equation by applying Eqs. (2) and (17)Q ¼ dTKd ¼ dTKEd ¼ ðDTdÞT KðDTdÞ: ð27Þ
Because K is positive deﬁnite for the structures made of conventional materials, Q in Eq. (27) must be positive
or zero. The only case where Q > 0 does not hold is that there exist a non-trivial aﬃne motion d satisfying
DTd = 0, which indicates that the member lengths are invariant by this motion.
Consider the shear motion dxy for example for the presentation of condition D
Td = 0. From Eqs. (8) and
(13), we have
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  y
x
0
0
B@
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CA
¼ DTx yþDTy x ¼ L1ðUCyþ VCxÞ ¼ 2L1Uv: ð28Þ
Similarly, we have the following equations for other non-trivial aﬃne motionsDTdx ¼ L1Uu; DTdy ¼ L1Vv; DTdz ¼ L1Ww;
DTdxz ¼ 2L1Uw; DTdyz ¼ 2L1Vw:
ð29ÞSubstituting Eq. (25) into Eq. (16) and using Eqs. (28) and (29), we obtainDd ¼ L1Ga ¼ 0; ð30Þ
where a = (ax,ay,az, 2axy,2axz,2ayz)
T, and G 2 Rm6 is called geometry matrix in the study. G is determined only
by the connectivity and nodal coordinates of the structure asG ¼ ðUu Vv Ww Uv Uw VwÞ: ð31Þ
For the two-dimensional tensegrity structures, the geometry matrix G 2 Rm3 becomesG ¼ ðUu Vv UvÞ: ð32Þ
Thus, G is an m-by-d(d + 1)/2 matrix for a d-dimensional structure.
Because the inverse L1 of the length matrix L is regular and full-rank, Eq. (30) can be reduced toGa ¼ 0 ð33Þ
(33) has a non-trivial solution a50, if and only if the rank of G is less than d(d + 1)/2. Then, we have the fol-
lowing necessary stability condition for tensegrity structures based on the rank of G:
Lemma 3. If a d-dimensional tensegrity structure is stable with positive quadratic form of the tangent stiffness
matrix (Q > 0), then rank of the geometry matrix G defined in Eq. (31) or Eq. (32) is equal to d(d + 1)/2.
Proof. The space spanned by the non-trivial aﬃne motions is a sub-space of the null-space of the geometrical
stiﬀness matrix. If the rank of G is less than d(d + 1)/2, then there exist non-trivial motions in this sub-space
that result in Q = 0 from Eqs. (27) and (30). Hence, the lemma is proved. h
Note that if a d-dimensional structure is degenerate, the nodal coordinate vectors as well as the coordinate
diﬀerence vectors are linearly dependent; therefore, rank of G is less than d(d + 1)/2 and Q = 0 holds. In this
case, stability of the structure should be investigated based on the higher-order terms of the total potential
energy.
Furthermore, we have the following suﬃcient conditions for the stability of a tensegrity structure:
Lemma 4. If the following three conditions are satisfied, then the d-dimensional tensegrity structure is stable,
irrespective of selection of materials and level of self-stresses:
1. The force density matrix E has the minimum rank deficiency d + 1.
2. E is positive semidefinite.
3. Rank of the geometry matrix G is d(d + 1)/2.
Proof. Because both of the linear and geometrical stiﬀness matrices are positive semideﬁnite from condition
(2), Q cannot have a negative value; i.e., QP 0.
Furthermore, the aﬃne motions composed of rigid-body motions and non-trivial aﬃne motions span the
whole null-space of KG, if condition (1) is satisﬁed. Since G has rank of d(d + 1)/2 from condition (3), there
exists no non-trivial afﬁne motion in the null-space of KG that leads to Q = 0 from Lemma 3.
Therefore, Q > 0 holds and the structure is stable, which completes the proof. h
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Connelly (1982) presented the same suﬃcient conditions as in Lemma 4 for the stability of tensegrity struc-
tures except that the following condition was used instead of the necessary stability condition (3):
[Condition by Connelly (1982):] The member directions do not lie on the same conic at inﬁnity.
In the following, these two necessary stability conditions are shown to be equivalent. Let the coordinates of
node i be denoted as pi ¼ ðxi; yi; ziÞT 2 Rd . By applying the aﬃne motion deﬁned by T 2 Rdd and t 2 Rd ; pi is
transformed to pi aspi ¼ Tpi þ t: ð34Þ
Suppose that nodes i and j are connected by member k. The member direction of member k is given as
bk ¼ pi  pj 2 Rd .
If the member directions bk lie on a conic at inﬁnity denoted by C, then C can be deﬁned as follows by bk
and a non-trivial symmetric matrix N 2 Rdd :C ¼ fbkjbTkNbk ¼ 0g: ð35Þ
If the structure has a non-trivial motion preserving the lengths of all members, the total potential energy of the
structure will not be changed by this motion; therefore, the structure is unstable if the higher than second-or-
der terms of energy are not considered. This is the basic idea of the necessary stability condition by Connelly
(1982), which can be expressed by the following lemma:
Lemma 5. The member lengths are preserved by some affine motions if all member directions of the structure lie
on the same conic at infinity.Proof. From Eq. (34) for nodes i and j, which are connected by member k, the following equation holds if the
length of member k does not change by the afﬁne motion:jpi  pjj2  jpi  pjj2 ¼ ðpi  pjÞTðpi  pjÞ  ðpi  pjÞTðpi  pjÞ
¼ ðpi  pjÞTTTTðpi  pjÞ  ðpi  pjÞTIdðpi  pjÞ
¼ ðpi  pjÞTðTTT IdÞðpi  pjÞ
¼ bTk ðTTT IdÞbk
¼ 0; ð36Þwhere Id 2 Rdd is an identity matrix.
Let N = TTT  Id. From Eq. (35), the member directions bk (k = 1,. . .,m) of the structure lie on the same
conic at inﬁnity deﬁned by N(= TTT  Id) if all member lengths of the structure are preserved. h
The following lemma ensures that the necessary stability condition in Lemma 3 is equivalent to the condi-
tion by Connelly (1982) in Lemma 5:
Lemma 6. The rank of the geometry matrix G is equal to d(d + 1)/2, if and only if the member directions do not lie
on the same conic at infinity.Proof. Consider the three-dimensional case (d = 3). Since N 2 Rdd , which deﬁnes the conic at inﬁnity in Eq.
(35), is a symmetric matrix, it can be written as a linear combination of d(d + 1)/2 symmetric matrices asN ¼ ax
1 0 0
0 0 0
0 0 0
0
B@
1
CAþ ay
0 0 0
0 1 0
0 0 0
0
B@
1
CAþ az
0 0 0
0 0 0
0 0 1
0
B@
1
CAþ axy
0 1 0
1 0 0
0 0 0
0
B@
1
CAþ axz
0 0 1
0 0 0
1 0 0
0
B@
1
CAþ ayz
0 0 0
0 0 1
0 1 0
0
B@
1
CA:
ð37Þ
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The member direction bk of member k connecting nodes i and j (i < j) is written asbk ¼ pi  pj ¼
uk
vk
wk
0
B@
1
CA; ð38Þwhere uk, vk and wk are the kth elements of the coordinate difference vectors u, v and w deﬁned in Eq. (8),
respectively.
Substituting Eqs. (37) and (38) into Eq. (35), we havebTkNbk ¼ axu2k þ ayv2k þ azw2k þ 2axyukvk þ 2axzvkwk þ 2ayzvkwk ¼ 0; ð39Þ
If the member directions lie on the same conic at inﬁnity, all of them should satisfy Eq. (39), and the equations
similar to Eq. (39) for all members k (=1, . . . m) can be combined to a matrix form asBa ¼ 0; ð40Þ
where aT = (ax,ay,az, 2axy,2axz,2ayz)
T. From Eqs. (33) and (40), we have B = G.
If the member directions do not lie on the same conic at inﬁnity, then Eq. (40) has no non-trivial solution
for the coeﬃcient vector a. Hence, the rank of the geometry matrix G(=B) is d(d + 1)/2.
Conversely, if the rank of G is d(d + 1)/2, then there exists no non-trivial solution a for Eq. (40); i.e., there
exists no matrix N satisfying Eq. (39) for all members; hence, the member directions do not lie on the same
conic at inﬁnity. h5. Numerical investigation
Stability of the three-dimensional tensegrity structure as shown in Fig. 1 is investigated again by the pre-
sented stability conditions. The structure consists of six nodes and eleven members. Members 1–6 and 6–11
lie in two diﬀerent panels I and II, respectively. Panels I and II intersect along member 6, and they are not
parallel to each other. Hence, the structure is in three-dimensional space; i.e., d = 3 for this structure.
The structure has two modes of self-stresses. Change of the self-stresses in one panel does not aﬀect the
members in the other except the common member 6. The force density matrix E is positive semideﬁnite, with
two positive and four zero eigenvalues, if the axial forces are properly assigned to the members — tension to
the cables and compression to the struts. The non-degeneracy condition for a tensegrity structure in three-di-
mensional space is satisﬁed, because the rank deﬁciency of E is four. Therefore, conditions (1) and (2) in
Lemma 4 are satisﬁed.
However, the structure is not stable. Suppose that one of the panels is rotated about member 6 by an arbi-
trary angle without moving the members in the other panel. All member lengths remain unchanged and the
structure remains in a state of self-equilibrium with the same self-stresses after transformation. This motion
is actually a ﬁnite mechanism; hence the structure is not stable.
Using Eq. (31), we obtain the 11-by-6 geometry matrix G for this three-dimensional structure. The rank of
G is 5, which is less than the necessary value of 6(=d(d + 1)/2). Therefore, the structure has non-trivial aﬃne
motions that lead to zero quadratic form of the tangent stiﬀness (Q = 0), which agrees with the existence of the
ﬁnite mechanism as described above.
6. Discussion and conclusions
Stability conditions for tensegrity structures have been derived based on positive deﬁniteness of the tangent
stiﬀness matrix, which is the sum of the linear and geometrical stiﬀness matrices.
The aﬃne motions, which lie in the null-space of the geometrical stiﬀness matrix, are classiﬁed into rigid-
body motions and non-trivial aﬃne motions consisting of dilations and shears. Based on the non-trivial aﬃne
motions, the necessary stability condition of tensegrity structures is presented in Lemma 3. It is shown to be
equivalent to the condition by Connelly (1982) that member directions should not lie on the same conic at
J.Y. Zhang, M. Ohsaki / International Journal of Solids and Structures 44 (2007) 3875–3886 3885inﬁnity if the tensegrity structure is stable in Lemma 6. The condition presented in this paper is considered to
be more comprehensible and easier to use for engineers than that by Connelly (1982), since only the rank of
the geometry matrix G, which can be easily formulated by the connectivity and nodal coordinates, of the struc-
ture needs to be computed.
If the rank of the geometry matrix G is less than d(d + 1)/2 for a d-dimensional tensegrity structure, then
there exists a motion that leads to zero quadratic form of the tangent stiﬀness; and the stability of this struc-
ture should be further investigated based on the higher-order terms of the total potential energy.
The suﬃcient conditions for stability of a tensegrity structure are presented in Lemma 4. The structure is
always stable, irrespective of selection of materials and level of self-stresses, if these conditions are satisﬁed.
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Appendix A. Rigid-body motions
A free-standing structure in d-dimensional space in Cartesian coordinate system has d(d + 1)/2 independent
rigid-body motions: translation in each direction and rotation about each axis. The quadratic form Q of the
tangent stiﬀness matrix K with respect to the rigid-body motions is always equal to zero irrespective of geo-
metrical and mechanical properties of the structure.
A.1. Translation
The translation vectors drx, d
r
y and d
r
z in x-, y- and z-directions are written asdrx ¼
i
0
0
0
B@
1
CA; dry ¼
0
i
0
0
B@
1
CA; drz ¼
0
0
i
0
B@
1
CA: ðA1ÞFrom Eq. (5), the following equations always hold for any translation dri (i 2 {x,y,z}):
ðdri ÞTKEdri ¼ 0; ðdri ÞTKGdri ¼ 0: ðA2ÞTherefore, the translations in (A1) are rigid-body motions.
A.2. Rotation
In order to show that rotations about the axes are also rigid-body motions, the quadratic forms of the geo-
metrical and linear stiﬀness matrices are considered separately.
For the case of the geometrical stiﬀness matrix, the rotation angle can be arbitrary real value, while the
angle for the case of the linear stiﬀness matrix should be inﬁnitesimal. For simplicity, only the rotation about
z-axis is considered below. The formulation can be easily extended to the rotations about x- and y-axes.
A.2.1. Quadratic form of the geometrical stiﬀness matrix
Let xi, yi and zi denote the new coordinates of node i by the rotation about z-axis by an arbitrary angle h.
The relation between the new and old coordinates of node i can be written asxi
yi
zi
0
B@
1
CA ¼
c s 0
s c 0
0 0 1
0
B@
1
CA
xi
yi
zi
0
B@
1
CA ¼ r
xi
yi
zi
0
B@
1
CA; ðA3Þwhere c = cosh and s = sinh.
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tion between X and X can be written asX ¼ RX ðA4Þ
where R is written as follows by an identity matrix In 2 RnnR ¼ r In ¼
cIn sIn
sIn cIn
In
0
B@
1
CA: ðA5ÞThus, the motion dr transforming the structure from its old conﬁguration X to new conﬁguration X can be
written asdr ¼ X X: ðA6Þ
From the deﬁnitions of KG and R, we have the following relation for dr:KGdr ¼ KG X 0 ¼ KGRX ¼ RKGX ¼ 0: ðA7Þ
Hence, the quadratic form of KG with respect to dr vanishes.
A.2.2. Quadratic form of the linear stiﬀness matrix
Consider member k connecting nodes i and j, of which the coordinate vectors are denoted by pi and pj,
respectively. The displacements of nodes i and j due to rotation are denoted by di and dj, respectively. The
elongation ek of member k for small rotation about z-axis is written asek ¼ 1lk ðpi  pjÞ
Tðdi  djÞ
¼ 1
lk
ðpi  pjÞTðr IdÞðpi  pjÞ ðA8Þ
¼ 1
lk
ðc 1Þðu2k þ v2kÞ
’  1
lk
h2ðu2k þ v2kÞ;which vanishes if h is small; hence Eq. (16) is satisﬁed for all members (k = 1,. . .,m), and the following equa-
tion holds for the rotation dr about z-axis by a small angle hKEdr ¼ 0: ðA9Þ
Thus, the quadratic form of KE with respect to dr vanishes.
From Eqs. (A7) and (A9), the rotation about z-axis is a rigid-body motion. Similar approach can be used to
verify that the rotations about x- and y-axes are also rigid-body motions.
Since translations and rotations in the aﬃne motions are rigid-body motions, a linear combination of them
is also a rigid-body motion.
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